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Lqvwlwxwh iru Srolf| Uhvhdufk
Qruwkzhvwhuq Xqlyhuvlw|
Ghfhpehu 64/ 53344 Lqwurgxfwlrq
Wkh jrdo ri wklv sdshu lv wr xvh d vhplsdudphwulf uhgxfhg irup prgho wr hvwlpdwh wkh hhfwv ri
ydulrxv wxlwlrq vxevlglhv1 Wklv dssurdfk h{sdqgv rq wkh wxlwlrq vxevlg| h{dpsoh lq Lfklpxud
dqg W dehu +5333, lq d qxpehu ri glphqvlrqv1
Lw kdv ehfrph frpprq sudfwlfh lq wkh hpslulfdo olwhudwxuh wr uhihu wr dq| qrqvwuxfwxudo
hpslulfdo dqdo|vlv dv uhgxfhg irup1 Wklv lv qrw wkh wudglwlrqdo vhqvh ri wkh skudvh1 D
fodvvlf uhgxfhg irup dqdo|vlv +vhh h1j1 Pduvfkdn/ 4<86, uvw vshflhv d vwuxfwxudo prgho
dqg wkhq ghulyhv wkh uhgxfhg irup sdudphwhuv lq whupv ri wkh vwuxfwxudo sdudphwhuv1 Zkloh
pdq| uhfhqw vwxglhv kdyh dvvhuwhg wr wdnlqj d uhgxfhg irup dssurdfk/ wkh vwuxfwxudo prgho
zklfk wkh uhgxfhg irup prgho vkrxog fruuhvsrqg lv uduho| vshflhg1 Z h h{solflwo| vshfli|
d vwuxfwxudo prgho dqg xvh wkh lpsolhg uhgxfhg irup vwuxfwxuh wr hvwlpdwh wkh hhfw ri
wxlwlrq vxevlg| srolflhv1 Vshfli|lqj wkh xqghuo|lqj prgho kdv wkh dgydqwdjh ri ehlqj h{solflw
derxw wkh dvvxpswlrqv wkdw mxvwli| wkh dqdo|vlv1 Wklv dyrlgv Urvhq}zhlj dqg Z roslq*v +5333,
fulwlflvp ri zrun rq qdwxudo cqdwxudo h{shulphqwv* wkdw riwhq ohdyhv wkhvh frqglwlrqv lpsolflw1
Rxu vwuxfwxudo prgho lv edvhg rq wkh prgho vwxglhg e| Nhdqh dqg Z roslq +4<<<,1 Lw lv
kljko| qrqolqhdu dqg doorzv iru pruh xqrevhuyhg khwhurjhqhlw| wkdq wkh w|slfdo vlpxowdqhrxv
htxdwlrqv iudphzrun wkdw prvw suhylrxv zrun kdv xvhg lq uhgxfhg irup hvwlpdwlrq1 Xvlqj
wkh vshflhg vwuxfwxudo prgho/ zh h{dplqh wkh dvvxpswlrqv glvfxvvhg lq Lfklpxud dqg W dehu
+5333, wr mxvwli| uhgxfhg irup hvwlpdwlrq ri wkh srolf| hhfwv1
5 Prgho
Wkh prgho zh srvh lv vwurqjo| edvhg rq Nhdqh dqg Z roslq +4<<<,1 Khuhdiwhu zh ghqrwh
wkdw sdshu e| NZ1 Wkh ghflvlrq sureohp lq wkh prgho ehjlqv dw djh 47 zkhq vwxghqwv kdyh
frpsohwhg hljkwk judgh1 Z h ohw hdfk shulrg uhsuhvhqw rqh |hdu vr wkdw | ' f zkhq wkh
lqglylgxdo lv 471 Gxulqj wkdw |hdu wkh vwxghqw fkrrvhv zkhwkhu wr dwwhqg froohjh ru qrw dqg
krz pxfk wr zrun1 Ohw r
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￿ wkh qxpehu ri zhhnv zrunhg lq d |hdu/ dqg 
￿
￿
￿ wkh qxpehu ri krxuv zrunhg shu zhhn1























￿ / zkhuh 7
￿
￿


























































￿ lv d vhw ri revhuydeoh qrq wlph ydu|lqj yduldeohv wkdw lq xhqfh zdjhv/ 
￿
￿ lv dq
xqrevhuydeoh yduldeoh/ dqg u
￿
￿
￿ lv dffxpxodwhg zhhnv ri h{shulhqfh dv ri wkh ehjlqqlqj ri wkh














D nh| ihdwxuh ri wklv prgho lv wkdw zh doorz wkh vfkrrolqj hhfw ixqfwlrq k
￿ E wr duel0
wudulo| ydu| dfurvv lqglylgxdov lq wkh prgho1
Dffxpxodwlrq ri dvvhwv Eg
￿
￿
￿  e| vwxghqwv lv frpsolfdwhg e| wzr ihdwxuhv ri wkh prgho1
Iluvw vwxghqwv duh eruurzlqj frqvwudlqhg lq wzr glhuhqw vhqvh1 Wkhuh lv d olplwdwlrq wr wkh
dprxqw ri ghew wkdw wkh| fdq dffxpxodwh zklfk pd| eh lqglylgxdo vshflf1 Ohw wklv dprxqw
eh g
￿
1 Wkh| dovr eruurz dw udwh -
￿
￿ exw ohqg dw udwh -
￿
￿ 1 Vhfrqg wkh| pd| uhfhlyh wudqvihuv
iurp wkhlu sduhqwv1 Wkhvh wudqvihuv duh lqglylgxdo vshflf dqg srwhqwldoo| ghshqg rq wkhlu


















￿ 1 Z h dvvxph wkdw wkh vwxghqw wdnhv wklv wudqvihu ixqfwlrq dv jlyhq1






























































￿  Ee  7
￿
￿












￿ lv wkh prqhwdu| frvw ri dwwhqglqj froohjh dqg Z
￿ lv wkh ydoxh ri d wxlwlrq vxevlg|
rhuhg wr lqglylgxdo  li wkh| dwwhqg froohjh1 Qrwh wkdw wkh wxlwlrq vxevlglhv zh frqvlghu
rshudwh e| fkdqjlqj wklv yduldeoh rqo|1 Wkdw lv zh gr qrw doorz iru jhqhudo htxloleulxp
hhfwv ri wkh w|sh ghvfulehg e| Khfnpdq/ Orfkqhu/ dqg Wdehu +4<<;,1 Wklv lv ydolg li wkh
vlpxodwlrqv zh frqvlghu uhodwh wr vpdoo surjudpv wkdw zrxog rqo| dhfw d vpdoo iudfwlrq ri
wkh oderu pdunhw1 Z h dvvxph wkdw wkhuh duh qr rwkhu prqhwdu| frvwv ri froohjh dwwhqgdqfh1






















￿ 1 Ohw .
￿
￿
￿ E uhsuhvhqw wkh h{shfwdwlrq ri djhqw  zlwk uhvshfw wr lqirupdwlrq

















































































vxemhfw wr +5,/ dqg +7,1 +9,







￿ / zdjhv E
￿
￿
￿ / sduhqwdo wudqvihuv E
￿
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￿  Ee  7
￿
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￿  Ee  7
￿
￿
￿ 	 H 
Jlyhq wklv vhwxs/ zh fdq vroyh iru wkh rswlpdo suroh ri vfkrrolqj/ frqvxpswlrq/ vdylqjv/
dqg ohlvxuh1









































































































































￿  Ee  7
￿
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zkhuh zh dvvxph wkdw wkh huuru whupv +whupv zlwk w ru  duh doo lqghshqghqw zlwk wkh revhuy0
deoh yduldeohv +whupv zlwk ~1 Ohw ~













6 Glhuhqfhv iurp wkh NZ prgho
Wkh pdlq glhuhqfh ehwzhhq rxu prgho dqg wkhluv lv wkdw rxu prgho grhv qrw uhtxluh vshf0




￿ whupv, dqg wkh djhqw*v
suhfhvv ri ohduqlqj derxw wkh ydoxh ri wkhvh xqrevhuydeohv1 NZ hvwlpdwhv wkh prgho e|
pd{lpxp olnholkrrg zklfk fdoov iru vshfli|lqj wkh mrlqw glvwulexwlrq1 Frqvlvwhqf| ri wkh
hvwlpdwru ghshqgv rq wkh fruuhfw vshflfdwlrq ri wklv glvwulexwlrq1
6Wdehu +5333, frqvlghuv vhplsdudphwulf lghqwlfdwlrq ri d vlplodu fodvv ri g|qdplf sur0
judpplqj vfkrrolqj prghov dqg vkrzv wkdw wkh frqglwlrqv duh yhu| vwurqj dqg fdq qrw eh
phw zlwk wkh gdwd dw kdqg1
Lqvwhdg zh zloo h{sorlw wkh yduldwlrq lq wxlwlrq yduldeoh dqg wkh dvvxpswlrq wkdw +4,
wkh yduldeoh lv lqghshqghqw iurp wkh xqrevhuyhg yduldeoh frqglwlrqdo rq revhuyhg h{rjhqrxv
yduldeohv ri wkh prgho/ ~
￿ dqg +5, wkh yduldeoh lv h{foxghg iurp wkh rxwfrph yduldeohv wr
hvwlpdwh wkh lpsdfw ri wxlwlrq vxevlg| srolf|1
Li zh frxog frqvlvwhqwo| hvwlpdwh doo wkh vwuxfwxudo sdudphwhuv/ wkhq zh zrxog eh deoh wr
hydoxdwh dq| srolf| wkdw fdq eh dgguhvvhg zlwklq wkh prgho1 Z h duh qrw deoh wr fduu| rxw wklv
pruh jhqhudo h{huflvh1 Krzhyhu/ xqghu wkh pdlqwdlqhg dvvxpswlrqv +4, dqg +5, zh zloo eh
deoh wr frqvlvwhqwo| hvwlpdwh wkh wxlwlrq vxevlg| srolf| hhfw zlwkrxw pdnlqj glvwulexwlrqdo
dvvxpswlrqv derxw wkh huuru whupv1
7 Hvwlpdwlrq
Qrwh wkdw lq rughu wr hydoxdwh wkh wxlwlrq vxevlg| srolf|/ zh zloo qrw qhhg wr hvwlpdwh wkh
ixoo vwuxfwxudo sdudphwhuv1 Z h zloo hvwlpdwh d vhplsdudphwulf uhgxfhg irup yhuvlrq ri wklv
prgho1
Wklv lv hvvhqwldoo| d 9 lqgh{ prgho1 Wkdw lv frqglwlrqdo rq ~
￿ dqg djh E
￿
￿
￿ / iru dq|
srwhqwldo rxwfrph t
￿

















































Z h zloo h{dplqh wkh iroorzlqj yh rxwfrph yduldeohv= froohjh dwwhqgdqfh / |hduv ri vfkrrolqj/
zhhnv zrunhg shu |hdu/ krxuv zrunhg shu zhhn/ dqg orj0zdjh1 Wkh gdwd lv jhqhudwhg lq wkh
devhqfh ri d wxlwlrq vxevlg| +Z
￿ ' f,1 Rxu jrdo lv wr vlpxodwh wkh hhfw ri d wxlwlrq vxevlg|
zklfk fdq eh vxppdul}hg e| Z
￿





































￿ lv wkh dyhudjh wxlwlrq sdlg dw 5 |hdu froohjhv lq wkh vwdwh lq zklfk lqglylgxdo




￿ lv d gxpp| yduldeoh lqglfdwlqj zkhwkhu wkhuh zdv d froohjh lq
wkh frxqw| lq zklfk wkh lqglylgxdo olyhg zkhq kh2vkh zdv 4:1 Z h iroorz Fdphurq dqg W dehu
+5334, e| dvvxplqj wkdw wklv uhsuhvhqwv d qdqfldo frvw ri froohjh dv rqh fdq olyh dw krph
7dqg dwwhqg d froohjh li lw lv forvh1 Wkh vwuxfwxudo prgho lpsrvhv wzr lpsruwdqw uhvwulfwlrq
ri wkdw duh ehlqj xvhg khuh1 Wkh uvw lv wkdw wkhvh wzr yduldeohv lq wkh frvw ri froohjh lqgh{
gr qrw dsshdu lq dq| rwkhu lqglfhv1 Wkh vhfrqg lv wkdw wkh wxlwlrq vxevlg| hqwhuv wkh lqgh{
dv vshflhg deryh1
Dv irupdoo| glvfxvvhg lq wkh dsshqgl{/ zlwk dq dgglwlrqdo uhjxodulw| frqglwlrq/ rqh fdq
lghqwli| 
￿
dqg rwkhu lqglfhv zkhq zh qrupdol}h wkh xqnqrzq ixqfwlrqv* uvw sduwldo ghulyd0
wlyhv vxlwdeo|1 Z h gr qrw qhhg wr lpsrvh dq| rwkhu h{foxvlrq uhvwulfwlrq dv lw lv qrw qhhghg1













Iru fodulw| zh zloo zulwh yduldeohv lq wkh wxlwlrq lqgh{ e| A




Rqh vwudwhj| zrxog eh wr hvwlpdwh 8
￿
dqg wkh lqglfhv ri wkh prgho xs wr qrupdol}dwlrqv
dv glvfxvvhg lq wkh dsshqgl{1 Wklv lqyroyhv kljk glphqvlrqdo qrqolqhdu rswlpl}dwlrq1 Z h
irxqg dqrwkhu vwudwhj| zklfk uhgxfhv wkh glphqvlrqdolw| ri wkh qrqolqhdu rswlpl}dwlrq wr
rqh lq rxu dssolfdwlrq1 Z h glvfxvv wkh suhflvh uhodwlrqvkls ehwzhhq wkh wzr dssurdfkhv lq
wkh dsshqgl{1





















Wklv uhsuhvhqwdwlrq ri wkh prgho lv d fodvvlf vhplsdudphwulf uhgxfhg irup ri wkh ruljlqdo
vwuxfwxudo prgho1 Wkh jrdo ri wklv sdshu lv wr hvwlpdwh wkh hhfw ri wxlwlrq vxevlg|1 Z h fdq
lghqwli|2hvwlpdwh wkh hhfw ri wkh wxlwlrq vxevlg| rq rxwfrph t lq wkh iroorzlqj pdqqhu=






























Wkh edvlf surfhgxuh iru wkh uvw vwdjh hvwlpdwlrq ri wkh lqgh{ lv vlplodu wr vhplsdudphwulf




uhsuhvhqw w ri d w|sh ri qrqsdudphwulf uhjuhvvlrq




c fc 1 Qrwh wkdw wkh 
￿
sdudphwhu lv ryhu lghqwlhg dv wkhuh duh pxowlsoh
rxwfrphv1 Vlpsoh prghov vxjjhvw wkdw dq hdv| zd| wr hvwlpdwh wkh hhfwv ri wxlwlrq rq






























8Djh lv gursshg dv (
￿ lv frqvwuxfwhg iru lqglylgxdov ryhu 58 dqg xqghu rxu dvvxpswlrq lqgl0
ylgxdo gr qrw dwwhqg froohjh diwhu wklv1
Lq hvwlpdwlrq zh xvh d vhfrqg rughu sro|qrpldo +lqfoxglqj doo lqwhudfwlrqv, dv rxu  h{leoh
ixqfwlrqdo irup iru C
￿ 1 Wkhuh duh ri frxuvh rwkhu srvvlelolwlhv1 Qrwh wkdw jlyhq 
￿
/ xvh ri
txdgudwlf ixqfwlrq iru 	 C
￿ lpsolhv wkdw wkh uhvw ri wkh sdudphwhuv fdq eh h{solflwo| frpsxwhg1
Vwdjh 5 ri wkh hvwlpdwlrq lv dovr shuiruphg xvlqj vhfrqg rughu sro|qrpldo dssur{lpdwlrqv1
Rqh frpsolfdwlrq dulvhv lq lqwhusuhwdwlrq ri uhvxowv1 Z djhv dw d jlyhq djh ghshqg rq
vfkrrolqj erwk wkurxjk lwv hhfw rq h{shulhqfh dqg lwv gluhfw hhfw1 Lw lv vwdqgdug lq wkh hp0
slulfdo olwhudwxuh wr vxppdul}h wkh hhfw ri vfkrrolqj rq zdjhv kroglqj h{shulhqfh frqvwdqw1
Li zh gr qrw frqglwlrq rq h{shulhqfh/ wkh hhfw ri wxlwlrq vxevlg| rq zdjhv zloo ghshqg rq
wkh ohyho ri h{shulhqfh dqg wkxv wkh djh1 Krzhyhu/ jlyhq wkh vwuxfwxuh deryh/ wklv lv qrw wkh
fdvh li zh frqglwlrq rq h{shulhqfh1 Vlqfh h{shulhqfh lv hqgrjhqrxv +iurp wkh shuvshfwlyh ri
wkh prgho, frqglwlrqlqj rq lw lv qrw wulyldo1 Krzhyhu/ jlyhq wkh irup ri wkh zdjh htxdwlrq
+4, deryh/ wkhuh lv d vlpsoh vroxwlrq1 Qrwh wkdw vfkrrolqj rqo| hqwhuv wkh prgho wkurxjk
k
￿ E7
￿ c zklfk lv {hg rqfh lqglylgxdov kdyh hqwhuhg wkh oderu pdunhw1 Wkxv rqh fdq ghdo
zlwk wkh hqgrjhqhlw| ri 7
￿ xvlqj d {hg hhfwv vwudwhj|1 Wkhuh lv dqrwkhu srwhqwldo sureohp








1 Z h wkxv hvwlpdwh q
￿ dqg q
￿ xvlqj
{hg hhfwv dqg lqvwuxphqwdo yduldeohv zlwk djh dqg djh vtxduhg dv lqvwuxphqwv iru dfwxdo
h{shulhqfh dqg h{shulhqfh vtxduhg1 Z h fdq wkhq uhsruw wkh hhfw ri wxlwlrq vxevlglhv rq
















￿ dv rxu rxwfrph yduldeoh1
Z h wkhq surfhhg zlwk wklv rxwfrph yduldeoh lq h{dfwo| wkh vdph zd| wkdw zh gr zlwk wkh
rwkhu rxwfrphv1
8 Gdwd
Z h xvh zklwh/ eodfn/ dqg Klvsdqlf pdohv iurp wkh 4<:<04<<7 zdyhv ri wkh QOV\ +Qdwlrqdo
Orqjlwxglqdo Vxuyh| ri \ rxwk,1 Z h h{foxgh iurp wkh dqdo|vlv wkh plolwdu| vxevdpsoh dqg
wkh qrq0Eodfn qrq0Klvsdqlf glvdgydqwdjhg vdpsoh1 Z h xvh rqo| pdoh vdpsohv ehfdxvh wkhlu
vfkrrolqj ghflvlrqv dqg oderu vxsso| duh ohvv frpsolfdwhg e| ihuwlolw| dqg oderu pdunhw sdu0
wlflsdwlrq frqvlghudwlrqv1
Vfkrrolqj revhuydwlrqv ehjlq dw djh 48 dqg h{whqg dw ohdvw wkurxjk djh 5< iru doo lqglylg0
xdov lqfoxghg lq rxu vdpsoh1 Ehfdxvh lqirupdwlrq ehiruh 4<:; lv uhwurvshfwlyh dqg olplwhg/
zh frqqh rxu h{wudfw wr pdohv ehwzhhq djhv 46 dqg 4: lq Mdqxdu| ri 4<:; lq rughu wr kdyh
uholdeoh lqirupdwlrq rq frxqw| ri uhvlghqfh zklfk lv xvhg wr frqvwuxfw wxlwlrq dqg froohjh
9sur{lplw|1
Wkh nh| yduldeoh lq rxu dqdo|vlv lv wxlwlrq1 D sdqho ri dqqxdo uhfrugv rq wxlwlrq/ hq0
uroophqw/ dqg orfdwlrq ri doo sxeolf wzr0dqg irxu0|hdu froohjhv +lqfoxglqj Xqlyhuvlwlhv, lq
wkh Xqlwhv Vwdwhv zhuh frqvwuxfwhg iurp wkh Ghsduwphqw ri Hgxfdwlrq*v dqqxdo KHJLV dqg
LSHGV Lqvwlwxwlrqdo Fkdudfwhulvwlfv vxuyh|v1 E| pdwfklqj orfdwlrq zlwk d shuvrq*v frxqw|
ri uhvlghqfh/ zh zhuh deoh wr ghwhuplqh wkh suhvhqfh ri d wzr0|hdu froohjh/ irxu0|hdu froohjh/
ru hlwkhu lq wkh frxqw| ri uhvlghqfh1 D qxpehu ri vshfldow| froohjhv/ jhqhudoo| zlwk vpdoo
hquroophqwv ohvv wkdq 433/ zhuh h{foxghg1 I hghudo lqvwlwxwlrqv/ vxfk dv wkh Qdydo Dfdghp|/
zhuh dovr h{foxghg1 Wklv yduldeohv fdq eh phdvxuhg dw dq| djh1 Iru rxu dqdo|vlv/ krzhyhu/
wkh| duh phdvxuhg dw djh 4: wr dyrlg wkh reylrxv sureohp wkdw shrsoh zkr dwwhqg froohjh
jhqhudoo| uhvlgh lq wkh vdph frxqw| wkh froohjh lv orfdwhg1
Wkh rwkhu yduldeohv zh frqwuro iru lq wkh prghov duh plqrulw| vwdwxv +l1h1 eodfn dqg
Klvsdqlf zklfk duh frpelqhg,/ idplo| lqfrph/ orfdo lqfrph lq wkh frxqw| lq zklfk wkh
lqglylgxdo olyhg dw djh 4:/ DITW vfruh/ idwkhuv hgxfwlrq/ prwkhuv hgxfdwlrq/ dqg qxpehu
ri vleolqjv1 Z h xvh wkh vdph gdwd dv lq Fdphurq dqg Wdehu +5334,1 Lw lv glvfxvvhg pruh
h{whqvlyho| wkhuh1
9 Hpslulfdo Uhvxowv
Z h suhvhqw wkh uhvxowv xvlqj wkh phwkrgrorj| dqg gdwd ghvfulehg deryh1 Z h frqvlghu wkuhh
glhuhqw w|shv ri wxlwlrq vxevlglhv1 Wkh uvw lv d vwudljkw '4333 wxlwlrq vxevlg|1 Wkdw lv/
hyhu| lqglylgxdo zrxog uhfhlyh d vxevlg| ri '4333 li kh dwwhqgv froohjh1 Wkhvh uhvxowv duh
suhvhqwhg lq wkh uvw froxpq ri wkh wdeoh1 Wkh vhfrqg lv phdqv whvwhg dqg wdujhwhg wrzdugv
orz lqfrph idplolhv1 Vwxghqwv zkrvh sduhqwv lqfrph duh ohvv wkdq '53333 rqo| duh holjleoh
iru wkh '4333 vxevlg|1 Wkhvh uhvxowv duh suhvhqwhg lq froxpq 5 dqg rqo| dyhudjhv iru wkh
holjleoh srsxodwlrq +l1h1 vwxghqwv iurp idplolhv zkr hduq ohvv wkdq '53333, duh suhvhqwhg1
Wkh wklug vxevlg| lv pruh frpsolfdwhg1 Vwxghqwv iurp idplolhv zkr hduq ohvv wkdq '53333
duh holjleoh iru d '5333 vxevlg|1 Wkh vxevlg| wkhq skdvhv rxw dw d udwh ri '433 shu '4333 ri
idplo| lqfrph xqwlo lw glvdsshduv dw idplo| lqfrph ohyho '733331 Z h suhvhqw wkhvh uhvxowv lq
froxpq 6 iru vwxghqwv iurp idplolhv wkdw hduq ohvv wkdq '73333 rqo|1
Wkh uhvxowv duh suhvhqwhg lq wkh W deoh1 Z h h{dplqh vhyhudo glhuhqw rxwfrphv1 Wkhuh
duh d frxsoh dvshfwv ri wkh uhvxowv wr qrwh1 Iluvw qrwlfh wkdw wkh gluhfw hhfw ri wxlwlrq
vxevlglhv rq froohjh dwwhqgdqfh lv vpdoohu wkdq zkdw rqh riwhq qgv lq vwudljkw uhjuhvvlrq +vhh
Ohvolh dqg Eulqnpdq/4<;;/ iru olwhudwxuh uhylhz,1 Wklv vpdoohu hhfw uhvxowv iurp frpelqlqj
:wxlwlrq zlwk froohjh dwwhqgdqfh lq wkh lqgh{/ iurp wkh lqwhudfwlrqv zlwk glhuhqw yduldeohv/
dqg iurp wkh h{whqvlyh vhw ri frqwuro yduldeohv1 Lqwhuhvwlqjo| wkh hhfwv rq krxuv shu zhhn
lv frqvlvwhqwo| qhjdwlyh1 W r jlyh vrph pdqqhu ri mxgjlqj wkh pdjqlwxgh ri wkh zdjh hhfw
zh suhvhqw wkh lpsolflw uhwxuq wr vfkrrolqj hhfw lq wkh odvw urz1 Wklv lv vlpso| wkh zdjh
hhfw +frqwuroolqj iru h{shulhqfh, glylghg e| wkh lqfuhdvh lq |hduv ri vfkrrolqj1 Wklv kdv wkh
lqwhusuhwdwlrq dv wkh dyhudjh uhwxuq wr d |hdu ri vfkrrolqj dyhudjhg ryhu wkh dgglwlrqdo |hduv
ri vfkrrolqj wkdw uhvxow iurp wkh vxevlg|1 Wkhvh duh zhoo zlwklq wkh udqjh ri wkh olwhudwxuh1
Lqwhuhvwlqjo| wkh hhfw rq froohjh hquroophqw lv odujhu iru wkh wdujhwhg vxevlg| wkdq iru wkh
vwudljkw vxevlg|/ exw wkh uhwxuq wr vfkrrolqj lv yhu| forvh1 Wkhuh duh ri frxuvh pdq| rwkhu
rxwfrphv dqg fxwv ri wkh gdwd rqh frxog frqvwuxfw xvlqj wklv phwkrgrorj|1
: Frqfoxvlrqv
Lq wklv sdshu zh shuirup vhplsdudphwulf uhgxfhg irup dqdo|vlv wr vlpxodwh wkh hhfwv ri
vhyhudo wxlwlrq vxevlg| surjudpv rq d ydulhw| ri rxwfrphv1 Wklv lv fodvvlf uhgxfhg irup
hvwlpdwlrq lq wkdw zh suhvhqw d ixoo vwuxfwxudo prgho exw rqo| hvwlpdwh d uhgxfhg irup ri
wkh prgho1 Suhvhqwdwlrq ri wkh ixoo prgho lv qhfhvvdu| wr mxvwli| wkh xvh ri wkh uhgxfhg
irup iru srolf| vlpxodwlrq1 Wklv lv dq h{dpsoh ri wkh w|sh ri gluhfw hvwlpdwlrq ri srolf|
hhfwv ghvfulehg pruh jhqhudoo| lq Lfklpxud dqg W dehu +5333,1 Wkh edvlf lghd lv wr vshfli|
wkh plqlpdo ohyho ri frqglwlrqv qhfhvvdu| iru lghqwlfdwlrq ri wkh srolf| hhfw dqg wkhq xvh
wkrvh frqglwlrqv wr vlpxodwh wkh hhfw1 Zkhq rqh kdv wkh olplwhg remhfwlyh ri vlpxodwlqj
d sduwlfxodu srolf| wklv zloo riwhq kdyh wkh dgydqwdjh ryhu hvwlpdwlrq ri wkh ixoo vwuxfwxudo
prgho wkdw lw uhtxluhv zhdnhu frqglwlrqv1 Lw pd| dovr eh frpsxwdwlrqdoo| hdvlhu wr hvwlpdwh
wkh uhgxfhg irup prgho wkdq wkh ixoo vwuxfwxudo prgho1 Wkdw lv fhuwdlqo| wkh fdvh lq wklv
h{dpsoh1
Xvlqj wklv dssurdfk zh vlpxodwh vhyhudo glhuhqw wxlwlrq vxevlglhv1 Dv lq rwkhu vwxglhv
zh qg wkdw wxlwlrq vxevlglhv kdyh d vxevwdqwldo hhfw rq froohjh dwwhqgdqfh1 Wklv hhfw lv
olnho| wr eh odujhu zkhq wkh vxevlg| lv jhduhg wrzdug vwxghqwv iurp orz lqfrph idplolhv1 Wkh
hhfwv ri wkh vxevlglhv rq oderu vxsso| dqg zdjhv lv dovr grfxphqwhg1
;Uhihuhqfhv
^4` Fdphurq/ V1/ dqg Wdehu/ F1/ +5334, Hvwlpdwlqj Eruurzlqj Frqvwudlqwv xvlqj wkh Uhwxuqv
wr Vfkrrolqj/ xqsxeolvkhg pdqxvfulsw1
^5` Khfnpdq/ M1/ Orfkqhu/ O1/ dqg W dehu/ F1 +4<<;, Jhqhudo Htxloleulxp W uhdwphqw Hi0
ihfwv/ Dphulfdq Hfrqrplf Uhylhz Sdshuv dqg Surfhhglqjv/ ;;/ 6;406;91
^6` Lfklpxud/ K1 +4<<6,/ Vhplsdudphwulf Ohdvw Vtxduhv +VOV, dqg Z hljkwhg VOV Hvwlpdwlrq
ri Vlqjoh0Lqgh{ Prghov/ Mrxuqdo ri Hfrqrphwulfv/ 8;/ :404531
^7` Lfklpxud/ K1/ dqg O1 Ohh + 4<<4,= Vhplsdudphwulf Ohdvw Vtxduhv Hvwlpdwlrq ri Pxowl0
soh Lqgh{ Prghov= Vlqjoh Htxdwlrq Hvwlpdwlrq/ lq Qrqsdudphwulf dqg Vhplsdudphwulf
Phwkrgv lq Hfrqrplfv dqg Vwdwlvwlfv/ hg1 e| Z1D1 Eduqhww/ M1 Srzhoo/ dqg J1 Wdxfkhq
+Fdpeulgjh/ Hqjodqg= Fdpeulgjh Xqlyhuvlw| Suhvv, 607<1
^8` Lfklpxud/ K1 dqg F1 Wdehu +5333,  Gluhfw Hvwlpdwlrq ri Srolf| Lpsdfwv QEHU W hfk0
qlfdo Z runlqj Sdshu 5871
^9` Ohvolh/ O1 dqg S1 Eulqnpdq +4<;;,/ Wkh Hfrqrplf Ydoxh ri Kljkhu Hgxfdwlrq/ Qhz \ run=
Pdfploodq1
^:` Pduvfkdn/ M1 +4<86, Hfrqrplf Phdvxuhphqwv Iru Srolf| dqg Suhglfwlrq/ lq Vwxglhv lq
Hfrqrphwulf Phwkrg hglwhg e| Z1 Krrg dqg W1 Nrrspdqv/ Mrkq Zloh| 4591
^;` Urvhq}zhlj/ P1 dqg N1 Z roslq +5333, Qdwxudo cQdwxudo H{shulphqwv* lq Hfrqrplfv/
Mrxuqdo ri Hfrqrplf Olwhudwxuh 6;+7,= ;5:0;:7/ Vhfwlrq 7 +s ;860;95,1
<Dsshqgl{
Qrwlfh wkdw wkh vfdoh ri frh!flhqwv duh qrw lghqwlhg dqg ixuwkhupruh xqohvv vrph h{foxvlrq
uhvwulfwlrqv duh vdwlvhg dprqj lqglfhv wkhuh duh ixuwkhu lghqwlfdwlrq sureohpv dv glvfxvvhg






wkdw wxlwlrq yduldeohv dhfw ghflvlrq rqo| wkurxjk wklv lqgh{1 Xqghu wklv dvvxpswlrq/ wkh
frh!flhqwv ri wklv lqgh{ lv lghqwlhg dqg wkxv wkh wxlwlrq srolf| hhfw lv lghqwlhg1
Ohw wkh prgho eh
. Et mfc A  ' s Efc A w
zkhuh t lv d o   yhfwru/ f lv d   &
￿ uhjuhvvru yhfwru/  lv d &
￿  o pdwul{ +&
￿ : o,/
A lv d   &
￿ uhjuhvvru yhfwru/ dqg w lv d &
￿   yhfwru +&












lqwr -1 Z h dvvxph wkdw
wkhuh lv qr frpprq uhjuhvvru dprqj f dqg A dqg wkhuh lv qr d sulrul }hur uhvwulfwlrq lq 
pdwul{1 Z h ghqrwh wkh sduwldo ghulydwlyh ri s
￿
zlwk uhvshfw wr wkh Rwk dujxphqw e| s
￿
￿ 1




lv A w/ wkh uhpdlqlqj 8 lqglfhv fruuhvsrqg wr f/ dqg o ' D1
Ilyh rxwfrphv duh/ zkhwkhu rqh jrhv wr froohjh ru qrw/ dqg |hduv ri hgxfdwlrq/ zhhnv zrunhg/
krxuv zrunhg dqg orj0zdjh1
Z h vkrz wkh iroorzlqj= Ohw B
￿
￿ '  li  ' R dqg B
￿
￿ ' f rwkhuzlvh dqg ghqrwh wkh pdwul{
zlwk wkh 0Rwk hohphqw ehlqj s
￿
￿ Ef e| 1
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￿ ' / dqg  s vxfk wkdw iru  ' c c o dqg R ' c c o
 s
￿
￿ Ef ' B
￿
￿
dqg s Efc A w '  s Ef
￿ c A w
￿  doprvw hyhu|zkhuh li pdwul{  lv qrqvlqjxodu dqg  kdv
ixoo froxpq udqn1
Wklv qrupdol}dwlrq lv fkrvhq vr wkdw lw fdq eh lpsrvhg hdvlo| zkhq zh xvh sro|qrpldo
h{sdqvlrq wr dssur{lpdwh wkh xqnqrzq ixqfwlrq s 1








































































































Wkdw wkhuh lv rqo| rqh olqhdu whup uhodwhg zlwk f
￿ dqg wkdw wkh frh!flhqw lv vhw wr  lv wkh
qrupdol}dwlrq wkh lghqwlfdwlrq wkhruhp vxjjhvwv1
Qrwh wkdw wkh vtxduhg dqg furvv whupv ri 9 lqglfhv zklfk dsshdu lq hdfk htxdwlrq frqvlvwv
ri furvv whupv dqg vtxduhg whupv ri wkh dujxphqwv lq f








￿ htxdwlrqv dqg dqdorjrxv whupv lqfoxglqj djh yduldeoh iru
wkh uhvw ri wkh htxdwlrqv1
Lq sulqflsoh/ wklv prgho fdq eh hvwlpdwhg e| qrqolqhdu ohdvw vtxduhv dv zh glvfxvvhg lq
wh{w1 Exw lpsohphqwlqj lw zloo lqyroyh kljk glphqvlrqdo qrqolqhdu rswlpl}dwlrq sureohp1
Khqfh zh wdnh dq dowhuqdwlyh dssurdfk1
Qrwh wkdw wkh qrqolqhdulw| pdlqo| dulvhv ehfdxvh zh lpsrvh wkh prgho uhvwulfwlrq wkdw
wkh frh!flhqwv lq wkh cvtxduhg dqg furvv whupv* duh uhodwhg wr wkh olqhdu whupv1 Li zh uhod{
wklv uhvwulfwlrq/ wkh glphqvlrq ri qrqolqhdulw| uhgxfhv wr rqh1
Wkh lpsolfdwlrq ri wklv lghqwlfdwlrq uhvxow lv wkdw wkh frh!flhqwv rq wkh olqhdu whupv ri
f
￿ fdq eh lqwhusuhwhg dv wkh uhohydqw lqgh{ frh!flhqwv xqghu wkh qrupdol}dwlrq vshflhg lq
wkh wkhruhp1
Wklv revhuydwlrq fdq eh xvhg wr +4, frqvwuxfw vshflfdwlrq ri wkh lqgh{ uhvwulfwlrq1 Dovr/
wkh hvwlpdwlrq uhvxow fdq eh xvhg dv wkh uvw vwhs wr lpsrvh wkh uhvwulfwlrq lpsolhg e| wkh
lqgh{ prgho1
Surri=
Ohw r eh dq o yhfwru | eh d vfdodu dqg 8 eh d qrqvlqjxodu o o pdwul{1 Ghqh ixqfwlrq
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44dqg lw lv hdv| wr vhh wkdw/ ghqrwlqj wkh Rwk ER ' c c o hohphqw ri 8
￿
yhfwru wr eh 8
￿
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Vr 8 '  xqltxho| vroyhv wkh htxdwlrq1 Wklv vkrzv wkdw wkh uhvwulfwlrqv rq wkh sduwldo
ghulydwlyhv fdq eh lpsrvhg zlwkrxw d orvv ri jhqhudolw| dqg wkdw zlwklq wkh fodvv ri ixqfwlrq
 s ri wkh irup ghqrwhg e| s Er8
￿
￿
c |  w
￿ /  s lv xqltxho| ghwhuplqhg1
Vxssrvh s Efc A w ' } Ef
￿ c A w
￿  krogv doprvw vxuho| dqg zkhuh } vdwlvhv wkh sduwldo
ghulydwlyh uhvwulfwlrqv1 Fohduo| 
￿ pxvw eh ixoo udqn vlqfh  lv vr iurp qrz rq/ zh dvvxph

￿ kdv ixoo froxpq udqn zlwkrxw d orvv lq jhqhudolw|1
E| dsso|lqj wkh vlqjoh lqgh{ lghqwlfdwlrq dujxphqw frqglwlrqdo rq f/ w
￿ pxvw eh sur0
sruwlrqdo wr w vr wkdw wkhuh lv d qrq}hur S vxfk wkdw w
￿ ' S  w1 Vlqfh w
￿
￿ ' / S ' *w
￿ 1
Z h zloo vkrz wkdw } Erc | ' s Er8
￿
￿
c |  w
￿  '  s Erc | doprvw vxuho| iru vrph qrqvlqjxodu
8 1 Wklv/ wrjhwkhu zlwk wkh hduolhu uhvxow vkrzv wkh xqltxhqhvv1
Ohw
r ' f dqg | ' A w
Vlqfh  kdv ixoo froxpq udqn/ wkhuh lv vrph pdwul{ wkdw dxjphqwv pdwul{  lq vxfk d zd|

























Wkhq zh kdyh/ ghqrwlqj  ' f  /












doprvw vxuho|1 W dnlqj ghulydwlyh zlwk uhvshfw wr  dqg hydoxdwlqj dw wkh ruljlq zh kdyh/
f ' 
￿
ru  ' f zkhuh  lv wkh erwwrp &







￿ 1 Wklv lpsolhv wkdw 
￿ lv d olqhdu
frpelqdwlrqv ri froxpqv ri  vr wkdw wkhuh lv d pdwul{ 8 vxfk wkdw 
￿ ' 8 1 Zkhq 
￿ lv












￿ c A w
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ru } Erc | ' s Er8
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c |  w
￿  krogv doprvw vxuho|1
45Vlpxodwhg Hhfwv ri Wxlwlrq Vxevlg|
Rq Y dulrxv Rxwfrphv
Hvwlpdwhg iurp QOV\
Phq Rqo|







Froohjh Dwwhqgdqfh 3133<4 313656 31344;
\ hduv ri Vfkrrolqj 313587 313<34 313659
Z hhnv Z runhg shu \ hdu 3134:8 313<43 313878
Krxuv shu Z hhn 0313;69 0317344 03154:<
Orj Z djhv +xqfrqglwlrqdo, 313354 3133;3 31335<
Orj Z djhv +frqg1 H{s1,
￿
313358 3133;4 31334:
Lpsolflw Uhw1 wr Vfkrrolqj
￿
313<<6 313<37 313845
Iudfwlrq Holjleoh 433( 64( 9<(
￿
D '4333 wxlwlrq vxevlg| lv jlyhq wr dq|rqh dwwhqglqj froohjh1
￿
D '4333 wxlwlrq vxevlg| lv jlyhq wr lqglylgxdov dwwhqglqj froohjh zkrvh
idplo| lqfrph lv ohvv wkdq '533331 Wkh qxpehu uhsruwhg lv iru wkh holjleoh
srsxodwlrq +idplo| lqfrph ?'53333,1
￿
Wkh wxlwlrq lv '5333 iru vwxghqwv zkrvh idplo| hduqv ohvv wkdq '533331
Wkh vxevlg| idghv olqhduo| wr }hur dw '733331 Wkh qxpehuv uhsruwhg
duh iru wkh holjleoh srsxodwlrq +idplo| lqfrph ?'53333,1
￿
Wklv qxpehu uhsruwv wkh hhfw ri wkh srolf| rq zdjhv kroglqj h{shulhqfh
frqvwdqw1
￿
Wkh lpsolflw uhwxuq wr vfkrrolqj lv vlpso| wkh hhfw rq orj zdjhv +frqglwlrqdo
rq h{shulhqfh glylghg e| wkh hhfw rq |hduv ri vfkrrolqj1
46